Abstract. 2014 A scaling theory of general polymer networks in bulk and semi-infinite good solvents is derived by using the equivalence between the generating function for the total number of configurations and the multispin correlation function of the classical n-component Heisenberg model in the limit n ~ 0. For general polymer networks with fixed topology G composed of f linear chains with the same length l, the total number of configurations behaves for large f as Ng(l, l, ..., l) ~ l03B3g-1 03BClf. The exponent 03B3g is expressed exactly in terms of the corresponding exponents y ( f ) and 03B3s(f) of f-arm (free and center-adsorbed) star polymers.
When g of the f arms of the star polymer are attached to the surface at their end points, the exponent 03B3g 03B311 ... 1 (f) is given in terms of that for f-arm star polymers y ( f ) and the exponents of linear chains as 03B311 ... 1 (f) = 03B3 (f) + v + g [03B311 -03B31]. Also the exponent 03B3g for comb polymers (with g 3-functional units) is reduced to a linear combination of the exponent of 3-arm star polymers, y (3 ) , and the configuration number exponent of linear chains, 03B3, as 03B3comb (g ) = y + g [y (3) 2014 y ]. The star-polymer exponents 03B3 (f), 03B3s(f) and 03B311 ... 1 (f) are evaluated by means of mean-field theory, 03B5 expansion and some general considerations. Our results for y ( f ) and 03B3s(f) are $$ $$ where A ( f ) and B (f) are regular functions of f and are of O(03B52). A ( f ) is found to be 03B52/64 + O(03B53). Our first formula for 03B3 (f) is, however, inconsistent with Duplantier's exact result for the twodimensional case, while our scaling relations for 03B3g in terms of 03B3(f), 03B3s(f) are consistent with his earlier results. The end-to-end distribution function pg(r) of a polymer network with general topology G is found to have a scaling form pg (r) ~ r-dg(rL-03BD) with the exponent 03BD of linear chains. Here L denotes the total length of chains. Thus the mean square end-to-end distance r2&#x3E;g behaves like L203BD. Scaling ideas are also applied to study the case where linear chains with different lengths construct the polymer networks. Relations to the direct method are also pointed out.
1. Introduction.
The theory of linear polymers in a good solvent has been very successful as a result of the connection established by de Gennes [1, 2] and des Cloizeaux [3, 4] between the polymer statistics and the critical phenomena of the n-component classical Heisenberg model (we call this the n-vector model) in the n -&#x3E; 0 limit. The effect of the walls or other confining geometries has also found considerable interest (see for example Ref. [5] ) not only from the connection to surface critical phenomena (see Ref. [6] for a review) but also from the point of view of various applications [7, 8] .
The more complicated statistics of general polymer networks has received a continuous attention over a long time [9] . Polymer gels [2] are huge networks of flexible chains with the general structure illustrated in figure 1. [18] , and Grest et al. [19] for the free star polymer, and by Colby et al. [20] for the surface-adsorbed star polymer. Moreover, Duplantier and Saleur [21] [22] [23] considered general polymer networks in bulk [21] and semi-infinite [22] The equivalence between the linear polymer chain and the n-vector model in the n -0 limit was first pointed out by de Gennes [1] . This equivalence can be proven exactly by considering the high-temperature series expansion which is essentially a cluster expansion [24, 25] . Similar (Fig. 2.4 (Henceforth we use the symbol for equalities valid only in the scaling limit.) Because the nonlinear susceptibility is expected to have a power-law singularity (3.3) near the critical temperature, an inverse Laplace-transformation of (3.10) with (3.3) gives which is identical to (1.2b). Thus the exponent Vg for the total number of configurations of networks with total length L is found to be identical to the exponent of the nonlinear susceptibility (3.1). In enumerations of self-avoiding walk models of polymers on lattices, the constant u, which is given by equation (3.5) , is sometimes called the effective coordination number. This mapping shows that J.L is independent of the topology of the polymer network, in agreement with conclusions of reference [16] . [6] We consider next the simple case of star polymers (Fig. 4.3i and o) . A star polymer is a simple polymer network which has many arms (linear chains) starting from the center (see Fig. 4.4) . If we put yg = y ( f ) for the free star polymer with farms (Fig. 4.4a) , it is given by On the other hand, if we consider the star polymer with f arms whose center is adsorbed at the surface (see Fig. 4 .4b) and write its exponent as yg = 1's(f), then we obtain Now the exponent yg for an arbitrary polymer network in the bulk or semi-infinite geometry is expressed by means of the well known exponents y, v, a, 1'1 and 1'11 (note that these are not mutually independent because of (4.14) and (4.18) ) and the star polymer exponents y ( f ) and 1's(f), because (4.15) (Fig. 4.3e, (Fig. 4.3b, c, k, 1, m and n) ; or both the branch point and the end groups may sit on the wall (Fig. 4.3g, h, q, r, s and t) .
The exponent yg for star polymers where some of the arm-end points are adsorbed at the surface is, thus, not an independent exponent. If g of farm-end points are adsorbed on the surface (Fig. 4.4c) , and if we write its yg as yll ...1 (f ) with g subscripts 1, we have the relation Also interesting is the case of comb polymers [15] . If we consider comb polymers with g = ( f -1 )/2 3-functional units and g + 2 dangling ends (Fig. 4.5 figure 4 .4c. Suppose that the total number of arms is f, the number of surface-adsorbed arms is g (--1 and h = f -g. We first treat the more general case where these g end points are attached to a plane parallel to the surface at a distance z apart from the surface, while the center of the star lies at a distance z' from the surface (see Fig. 5.3 There are f ways of drawing the single intra-arm interaction like figure 6 .1a, because there are farms, i.e., f solid lines. Hence the contribution from figure 6 .1a is proportional to f. On the other hand, there are f (f -1)/2 ways of drawing the single inter-arm interaction like figure 6.1b, so that figure 6 .1b contributes with a factor f ( f -1 )/2.
The result for the free star polymer is given by This result is the same as that of Miyake and Freed [13, 14] , who used the direct RG approach. In the following two subsections, the first order correction to the mean-field values of ys( f ) and yll ,..1 (I) is evaluated explicitly by using the magnetic analogy. In the last subsection, y ( f ) for free star polymers and y S ( f ) for center-adsorbed star polymers are considered in more detail.
6.1 CENTER-ADSORBED STAR POLYMER. -The first problem is a star polymer in semi-infinite space whose arms do not touch the surface (see Fig. 5.2 ). (0 ) indicates the center of the star which is fixed at a distance z from the surface. Interactions are assumed to occur at a distance z' from the surface. Then the solid line whose one end has the square (D) and another end lies at z' means the mean-field layersusceptibility X MF (z' , t ). The distance z' should be integrated out to yield the final result depending only on z. Guttmann [29] . Here we will rederive the same result by using the z-representation in place of their Fourier-sine representation : " /*oo) In (6.2), the self-energy is evaluated, by using (5.6), taking account of [28] ( y E denotes Euler's constant) and introducing a suitable momentum cutoff A, as at d = 4. Using this together with XMF of (5.8) and C of (5.5) yields the relevant logarithmic behaviour If this logarithmic behaviour is exponentiated together will the zeroth order term XMF(z, t), and using the well-known fixed-point value [26] then the layer susceptibility exponent is found to be 7i = 1/2 + (n + 2) e/2(n + 8) + O(E2) [5, 6, 29] .
Next, we turn our attention to figure 6.2b figure 6 .2a (Eq. (6.6)), the nonlinear susceptibility up to first order is evaluated for small z as Exponentiating this with the fixed-point value (6.7), the exponent yg is found to be Hence through the relation (3.14) we have the final result for the configuration-number exponent of a centeradsorbed star polymer. If we put f =1 and f = 2 in (6.14), we retrieve the expected results 1'1 = 1/2 + e/8 + 0(e2) and y -1= s/8 + 0(e2), respectively. All of these calculations become much simpler when we take the opposite limit z -oo ; in this case we retrieve the exponent y ( f ) for a free star polymer (6.1). We do not enter into details of this calculation.
ARM-ADSORBED STAR POLYMER. -The second
problem is a star polymer in semi-infinite space some of whose arms touch the surface (see Fig. 5.3 ). The touching is conveniently expressed by the limit z --&#x3E; 0, where the ends of g arms are all assumed to be fixed at a distance z from the surface. The relevant diagrams up to first order in E are shown in figures 6.3a-e. We first note that, for small z, the mean-field correlation function with q = 0 behaves as We also note that the mean-field susceptibility function X MF (Z', t ) is given by (5.8) where qi (x + 1 ) = t/1 (x) + 1/x is the psi (poly-Gamma) function [28] . Combining these results, we obtain and Then comparing these logarithmic factors with the mean-field value (5.16) and using the fixed point value u * given by (6.7) yields and through the relation (3.14) This is our final result for the configuration-number exponent for an arm-adsorbed star polymer. Using (6.1) for y ( f ) and using v = 1/2 + E/16 + O (ez) [26] and Y1-Y11 = Y + v -Yl = 1 + 8/16 + 0(82), we find and hence our result (6.24) is certainly consistent with the scaling relation (4.21) . Moreover, as is expected, (6.24) reduces to y 1 1 when g = 1 and f = 1 or 2, and reduces to y 11 when g = f = 2. [21] to be exact, the implication is that the s expansion
The function A ( f ) in (6.35) (Fig. 6.4c ). These distribution functions have been considered by des Cloizeaux [32] who also obtained the exponents 0 1, 02 by E expansion up to order 62, as well as the exponent 0 0 describing the short distance behaviour of the end-to-end distance distribution p (ro) of a polymer chain (Fig. 6.4a) where the exponents 80' 81 1 and 0 2 are [32] Fig. 6 [23] . In fact, this type of scaling consideration can be generalized to star polymers with a general number f of arms : e.g., the probability distribution that both two interior points and one end point of a linear chain come into close proximity (distances r much smaller than the radius l v of the loops involved in this configuration), see figure 6 .5b, would be analogously related to a branched polymer with a five-fold branch point and the topology shown in figure 6 .5c, which has the exponent y (5 ) -2 y + 2 a -2. However, the corresponding exponent Oi for configurations as shown in figure 6 .5b or configurations involving the close proximity of even more points of a linear chain have not been calculated yet. Using equations (6.43a-c), (6.42a-c), (6.35) and (6.40) and the e expansion for the bulk exponents [26] it is a matter of simple algebra to verify that equations (6.43a-c) (7.6) for the usual system with magnetic anisotropies, if the limit n -0 is not taken for granted [33] (see (4.19) and (4.20) [21] . Surface-adsorbed polymer networks have previously been considered in two dimensions only [22] ; our equations (8.3b) agrees with the corresponding scaling relation of Duplantier and Saleur [22] in this special case.
In section 6, the scaling relation between the configuration number exponents y ( f ) for star polymers and the contact exponents 01 for linear chains was discussed and checked up to 0 (E 2) by using des Cloizeaux's result [32] for contact exponents.
Moreover, we discussed, in section 3, the end-to-end distribution function pg(r) of the polymer-network till. The exact scaling form of pg (r ) was found to be linear-chain-like, that is, where L = f, + Q2 +... + f f -From (8.5), the mean square end-to-end distance behaves as which has the same form as for a linear chain. Different topologies 9 of the polymer network show up only in the prefactor in equation (8.6 ).
Another interesting feature of this paper is that our Hamiltonian (4.6) with composite fields (4.7) has a structure quite similar to that obtained earlier by Lubensky and Issacson [10] , who dealt with the problem of lattice animals. Our derivation of (4.7) offers a good basis of discussing such a problem. A somewhat related approach has been presented also by Gonzales [34] . However, in dealing with general branched polymer networks one must keep in mind that our treatment refers to networks with a fixed topology 9 (containing a finite number of loops and branch points), in the limit where all polymer chains in the loops or in between the branch points (as well as the dangling chains with the loose ends) have about the same length f, and the scaling limit f -oo is considered.
When some of the linear chains forming the network become relatively longer or shorter than the others, there occurs another power-law dependence in the number of configurations. This behaviour was discussed briefly in the last part of section 7 .
Next we should mention some future problems. The polymer networks in solvents at the 0 temperature are expected to behave in a somewhat different manner [35] [36] [37] , although that has not been dealt with in this paper. Such an extension will be left for a future study. One further problem is to carry out the E expansion for y ( f ) and y S ( f ) for star polymers to higher order. From the present analysis (Sect. 6.3), it becomes obvious that, if we consider the large order behaviour, higher powers of f appear in the result of y ( f ) and 7s(/)' Therefore, in order to discuss star polymers with a large number of arms f, it is necessary to incorporate higher-order terms of the E expansion. To this end, we have recently considered the most important behaviour for large f in each order of the expansion for y ( f ), and attempted to make a resummation of all these dominant terms. This work will appear elsewhere together with the calculational details for the present second-order result [31] .
Another interesting topic is the density profile of star polymers for which scaling ideas have so far been proposed on the basis of the phenomenological blob picture [38] . It would be interesting to check these ideas from a study of distribution functions for internal distances in star polymers based on the present mapping to the magnetic n -0 problem, which is then related to a semi-dilute polymer solution just as for linear polymers [2, 3] . From that we can immediately conclude that the screening length § (c ) for solutions of branched polymers (e.g., stars) at concentration c scales with c in the same way as for solutions of linear polymers. For star polymers this result was anticipated by Daoud and Cotton [38] .
